It is proved that, in a minimal n-extendable bipartite graph, the subgraph induced by the edges both ends of which have degree at least n + 2 is a forest. As a consequence, every minimal n-extendable bipartite graph has at least 2n + 2 vertices of degree n + 1. This result is sharp.
Introduction and terminology
All graphs considered are finite, undirected and simple.
Let n be a positive integer and G be a graph with o >2n + 2. G is said to be n-extendable if G has n independent edges and any n independent edges of G are contained in a perfect matching of G. G is said to be minimally n-extendable if G is n-extendable and, for each e E E(G), G -e is not n-extendable. In the following, we shall extend the terminology in [7] . Let G be a minimal n-extendable bipartite graph. The edges in G both ends of which have degree at least n + 2 are called the (n + 2)-edges. The edges in G both ends of which have degree n + 1 are called the (n + 1)-edges. The number of the (n + 2)-edges of G is denoted by E,+Z and the number of the (n + 1 )-edges of G is denoted by E,+I . We denote by v,,+l the number of the (n + 1 )-degree vertices of G and by v,+z the number of the vertices of degree at least n + 2 in G.
Let G be a graph and u E V(G). Let S c V(G) and H be a subgraph of G. Then we use the notation Ns(v)=N(v) n S, NH(u)=N(u) n V(H), ds(u) = [Ns(v)~ and dH(u) = INH(u
For the terminology and notation not defined in this paper, the reader is referred to [3] . In [ 1,2], Anunchuen and Caccetta first studied minimal n-extendable graphs. In [2] they proved that, for a minimal n-extendable graph G, either n + 1<6(G) < v/2 or 2n + 1 d 6(G) < v -1. They also gave an upper bound for the minimum degree of a minimal n-extendable bipartite graph in [2] . In Section 3 of this paper, we show that the minimum degree of a minimal n-extendable bipartite graph is exactly n+ 1. Furthermore, every minimal n-extendable bipartite graph has at least 2n + 2 vertices of degree n + 1. This lower bound on the number of (n+ 1 )-degree vertices is sharp. Later, we show that when v is sufficiently large, there are even more (n + 1 )-degree vertices in a minimal nextendable bipartite graph. In [7, p. 1301, a lower bound for ~2 and an upper bound for ~3 are given for minimal I-extendable bipartite graphs. In Section 3, we give precise formulae for s,+r and E,+Z for minimal n-extendable bipartite graphs. Some further structural results on minimal n-extendable bipartite graphs are also given in Section 3.
Preliminary results
In this section, we give some known results which will be used in the proof of our main theorems.
Lemma 1 (Plummer [8] Proof. Suppose G is n-extendable and bipartite, X & U and
However, d(w) 2 n(G) >n + 1 by Lemma 1. This is a contradiction. 
The main results
In this section, we study the structure of a minimal n-extendable bipartite graph, in particular, the minimum degree of such a graph.
Let G be a minimal n-extendable bipartite graph with bipartition (U, W) and e E E(G). By Lemma 2, we define a key set S for e to be a set S such that S C_ U (or SC W), l<(SlflU( -n and IN(S)1 = (SI + n but INo_, = ISI + n -1. Since G is minimally n-extendable, for each e = xy E E(G) (x E U and y E W), there is a key set S C U for e such that x E S and y is adjacent to only x in S. We define a minimum key set S for e to be a key set for e with minimum order.
Theorem 4. Let G be a minimal n-extendable bipartite graph with bipartition (U, W) and let e =xy be an edge of G such that d(x) > n + 2 and d(y) 3 n + 2. Let U1 be a minimum key set for e such that UI 5 U and x E U,. If f =xz is another edge such that d(z) 3n + 2 and z # y, then f has a minimum key set T 2 W such that
ITI<IUll. 
Proof. Let U2 = U\Ul, WI = N(U1) and

W23 = W2 n N(U23 ).
We may assume that ) Us ( 2 ) U1 I. Later we shall discuss the case that I Us I < I U1 I. Now we have U23 # 0. Otherwise Us c UI, contradicting the above assumption. Note that Us # U,. Suppose Us = Ul. Since y and z are adjacent to only x in Us,N(Us\{x}) C
N(U~)\{YJ)=N(UI)\{YJ).
IWU3\bI)I GIN&I -2= l&l +n -2= lU3\{x)l+ But IN(Us)I = IUs1 + n. We have
Othenvise we have Iu23l<Iw23l.
Then ~N(U3)I>IWl3~+(W23I>~U~3)+n+l+(U23I=
I U3 I + n + 1, contradicting the fact that Us is a key set. 
Theorem 5. In a minimal n-extendable bipartite graph, the subgraph induced by the edges both ends of which have degree at least n + 2 is a forest.
Proof. Let G be a minimal n-extendable bipartite graph with bipartition (U, W). Suppose the subgraph induced by the edges both ends of which have degree at least n + 2 has a cycle UIWIU~W~~~ 'ukwkul, where ui~U and WHEW (i=1,2 ,..., k).
Without loss of generality, assume that ulwl has a minimum key set Wi in W.
By Theorem 4, wiu:! has a minimum key set Ul in U such that 1 U, ( < ) W, 1. By Theorem 4 again, uzw2 has a minimum key set W2 in W such that 1 W, ) < I U, I. Re If v E U, then W contains at least n + 1 vertices of degree n + 1. Otherwise U contains at least n + 1 vertices of degree n + 1. 0
Theorem I. Every minimal n-extendable bipartite graph G with bipartition (U, W)
has at least 2n + 2 vertices of degree n + 1. Furthermore, both U and W contain at least n + 1 vertices of degree n + 1.
Proof. By Theorem 5, let H be the forest induced by the vertices of degree at least n + 2. If H has two leaves u and v in U and W, respectively, then both U and W contain at least n + 1 vertices of degree n + 1. The theorem is then proved. Note that if G has no vertex of degree at least n + 2, we have the same conclusion. Thus, without loss of generality, assume that all leaves of H lie in W, and U has at least n + 1 vertices of degree n + 1. 
Let T, = {v / v E T and dH(v) # 1). By (3), we have
However H is a forest. Deleting the vertices of degree 1 from H, we have another forest H' with V(H') = S U TI and we have
VETI
So by (4) and (5), + (n + 2) C 4dv) -(n + 2)IG I.
UETI (6)
Here IUI = IW(. By (6), we have
VET, Theorem 5 shows that, in a minimal n-extendable bipartite graph, the subgraph induced by the vertices of degree at least n + 2 is a forest. In the following, we shall assume G is a minimal n-extendable bipartite graph with bipartition (U, W) and H is the subgraph induced by the vertices of degree at least n + 2. Let S = V(H) n U and T = V(H) n W and let w be the number of the components of H.
We now notice that (n + l)(W\TI -I[S, W\T]I
is the set of all (n + 1 )-degree vertices in G.
First we give precise formulae for a,,+2 and &,,+I, respectively.
Corollary 8. Let G be a minimal n-extendable bipartite graph. Then
En+2 = on+2 -W.
Proof. Since H is a forest, the result follows. 0
Theorem 9. Let G be a minimal n-extendable bipartite graph. Then
Proof. Let Proof. Corollary 11 follows from Corollary 10. 0
In the following, we shall give an upper bound for un+2 and then give a lower bound for u,+i which shows that when u is sufficiently large, there are even more than 2n+2 vertices of degree n + 1 in a minimal n-extendable bipartite graph.
Theorem 12. Let G be a minimal n-extendable bipartite graph. Then 
